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MATEMATHYECKASI MOJIEJIb JBU/KEHUSI MUTAIOIIEN
KATYIIKA BBICOKOCKOPOCTHOM MNPSIANJIBHON MAIIIVMHBI
BrickBapko B.I'., Pa3zun C.H., ®unaroa H.W., IBanoBa H.A.

(KocTpomckoit rocyaapcTBEHHBIH TEXHOJIOTHYSCKHI YHHUBEPCUTET)

B cratbe nomydyeHa maremaThyecKas MOJENb JABHXKEHHUS KATYIIKU C
MATAIOIIEN POBHULIEH, 3aKPEIUIEHHOW B BEPXHEW OIOPE, HA BBICOKOCKOPOCTHOM
npsauibHOM MammHe. Katyimika copepiiaer cdepuueckoe IBHKEHHE O]
JIECTBUEM CHUJIBI BECAa M CHUJIbl HATSKEHUS CMATBIBAIOLICHCS POBHUIIBIL.
HUcnone3ys NpeaoKEHHYI0 MaTeMaTHYECKYI0 MOJIENIb, MOKHO ONPEICIIUTh
BIUSHUE PA3JIMYHBIX I[MapaMeTpPOB Ha AaMIUIUTYAy KOJeOaHUW KATYIIKH W

BCIIMYNHY CHJIbI HATSAKCHUA HI/ITaIOIHeﬁ POBHUILI.

KnroueBrie cnoBa: KaTyloKka, IIUTaromas poOBHHUIIA, BCPXHAA OIIOpa,

[npAauJIbHAasA MalliHA, ABUIKCHUC, MATCMATHUYCCKAA MOACIIb.

Ha BeicokockopocTHOM mnpsiauiabHOoi MammHe Ttuna [ICK kartymika c
MUTAIONIEH POBHUIIEH MOXKET yCTaHABJIMBATHCA B JABYX oOIopax (BepXHEHl
HIOKHEW) WM B OJHOW BepxHeW mmapoBoil omope. B paborax [1,2] Obia
UCCJIE0BAaH IMPOLECC CMAThIBAHWS POBHULBI C MUTAIOLIEH KATYIIKU TIpH €€
YCTAHOBKE B JBYX OMNOpax. bbUIM MOJydYeHbl MAaTEMaTUYECKHE 3aBUCHMOCTH,
MO3BOJISIFOIIME ONPEAECHUTh BIIASHUE I1apaMETPOB KaTyIIKHM C POBHHUIIEH,
[apaMeTPOB MUTAIOLIEM JIMHUM BBICOKOCKOPOCTHOW MPSAUIBHOW MAIIVHBI,
BEJIMYMHBI CKOPOCTHM POBHHUIIBI HA €€ HATSIKECHHE NPHU YCTAaHOBKE KATYLIKH C
POBHMIIEH B JBYX omopax. BapuaHT ¢ yCTaHOBKOM B OJHOW BEPXHEW ONOpPE
Oonee ynoOeH JIsi yCTAaHOBKHM KAaTYIIKH Ha MamiuHy U €€ chEMa, yMEHbBINACT
TPYAOEMKOCTh  OOCTY>KMBAaHUS TPSAWIbHOW MamuHbl. OMHAKO TPU ITyCKe
BBICOKOCKOPOCTHOM MPSAMIBHON MalllMHbI, HAOMI0Ial0TCsl KOJIeOaHUsI KaTyIIKH

OTHOCHUTEJIbHO BEpXHEH Omopbl. AMIUIUTYyAA ATUX KOJIeOaHUU HOCTUTAET



OOJIBIIMX 3HAYCHUH. 3HAYMTENbHO BO3pAcTaeT CWJIa HATSXKEHHs] POBHUIIBI, €€
OOpBIBHOCTh M HEPOBHOTA BbIpabGaThiBaeMoil nipsoku [3]. Ilepen Hamu crosiia
3a/laua  pa3paboTaTb  MaTEMAaTUYECKyl0  MOJENb  JBIDKCHHUS  KaTYIIKH
3aKpeIIEHHON B BEpXHEW OIMope, 4TOOBl 3aTeM C IMOMOIIBI0 ATON MOJACNIH
OMPENICNIUTh BIMSHUE PA3IMUHBIX (PaKTOPOB HA aMIUTUTYly KOJeOaHUN KaTyIIKU
Y BEJIMYMHY HATSHKCHUS POBHUIIBI, MPEJIOKUTh PEUICHUS JJIs1 UX YMEHBIIICHHUS.

3TO0 MO3BOJIUT CHU3UTH OOPBHIBHOCTh U HEPOBHOTY BhIPA0ATHIBAEMOM MPSIKU.

Karymka ¢ nuraromnieit poBHUIIEH coBepIinaeT chepuueckoe IABUKEHUE
noj JACWCTBUEM CWJIbl BECa KAaTYIIKM P M CHJIbl HATSXKEHUS CMaThIBAEMOMU
poBHUIBI T ( cM. puc.l). Touka O — Touka mojiBeca KaTyliku B BEpXHEW omope,
TOYKa A — TOYKAa CXOJa POBHUIIBI C KaTylku, Touka O; — TOYKa 3a)kuma
POBHUIIBI MEXAY BaJlkaMW THUTAOIIEro mpuodopa. s omumcaHus IBWKCHHS

KaTYHIKH CBAXKEM C HEM MOABUIKHBIC OCU KOOPAWHAT Xyz, IIOJIOKCHUC KOTOPBIX
OTHOCHUTCIIBHO HQHO,HBHX(HOﬁ CUCTEMbI KOOPAHUHAT X; Y,z; OIIMCBIBACTCA YyTJIIAMHA

Diinepa: ¢— COOCTBEHHOTO BpAIllEHUsI, y — MPEIECCUH, & — HyTalllH.

Puc.1 PacuérHas cxema



JluHamudeckue ypaBHeHUs Dijepa [4] umerot Bua:

dw
INTgqr X+(z-Jy)wywz=Mx—Mmpx

dw
Ve Yi(x- Jz) ox®z=My—=Mmpy (1)

de
Jz—— at +(Jy Jx)a)xa)y Mz—=Mmpz

31€Ch Jy,Jy,J;— MOMEHTbI MHEPLUH KATYIIKU C POBHULEH OTHOCUTEIBHO
OCEH Xyz COOTBETCTBEHHO, My, My, M~ MOMEHTHI BHEIIHHMX CHJI JEHCTBYIONIHE
Ha KaTylIKy OTHOCHUTEIBHO TEX KE OCEH, M s M ypys M = MOMEHTBI TPEHHS B

BEpXHEW oOmope ACHCTBYIOIIME OTHOCUTENBHO TeX ke oced. Cuuraem, 4TO

M mpx — =M mpy — =M mpz*

HOCKOHBKy MacCa KATYHIKHM IIPpU CMATbIBAHWU POBHUIBI H3MCHACTCA
MCIJICHHO, PCAKTHUBHBIMU CHIIAMHU HpCHC6p€Pa€M. CunrTaeM TaK KC, UYTO

KaTyIIka C pOBHUIIEH CUMMETPHUYHA OTHOCUTEIBHO IUIOCKOCTEH xy U Xz, TOT/a
J X J y*
[Ipoekmu  yriaoBOM CKOPOCTH KATYIIKM Ha OCH KOOPJWHAT
ornpeaensatorcs mo Gopmyaam [4]:
wx =y -Sin@-sin (p+é-c05(p
wy =W -SiN6-sin p—g-Ccose 2
w7 =@+yCoso,

d oo . R [ . . . R . o .
Torna %=(//smasm(p+9005¢+(//(cosesmgp-g+sm0003¢)-gp)—esm(p-(p

d a)y
dt

= ySin OCosp — 9sin g+ (C0SOCosp-P—sindsing-p) —gcosp-o  (3)

%=&3+1};C089—(Z/Sin -0



Onpenenum MOMEHTHI CHJI P U T OTHOCHUTENIBHO Ocel xyz . [Ipu moBopote

oceil Ha yron « (puc.2) HOBbIE KOOPAMHATHI ONPEEISAIOTCS 0 GopMyIam:

(4)

{Xk = X1, COSa + Y, Sin

Y, =~ XSina + Yy, cosa

Puc.2

HeHTp MacCC ITaKOBKH (I/I3MCHCHI/ICM €T0 ITOJIOKCHUA C TCUCHUCM BPpCMCHU
HpeHe6peraeM) OTHOCHUTCIIbHO ITOABHKHBIX ocen Xyz UMCCT KOOPAUHATBI TOUKH

C (0,0,L) (puc.1).

HampaBnenne BekTopa cmiIbl P B OCAX x;Y,z1 XapaKTEpU3yeTCs

koopaunatamu  (0,0,-1). Cucrema xyz mojdy4aeTcs M3 CHCTEMBI KOOPAHHAT

X1Y;z1 TIOCJIEIOBATENLHLIM TIOBOPOTOM Ha Yrojl y - BOKPYI OCU Zi, HA yroa 6-—

BOKPYI JIMHUU Y3JIOB W Ha Yrol ¢ -BOKpyr ocu z. IIpeoOpa3oBbiBas

KOOPJMHATHI €IUHIUYHOTO BEKTOpA P, MOJTy4UM:
(0,0,-1) —-(0,0,-1) —% (0, —sin 6,—cos8 ) —2— (—sin Osin ¢, —sin Ocosgp, —cosd). (5)

MoOMEHTBI CWIbl P OTHOCHUTEIBHO OCEH xyz, Y4YUThIBas BhIpakeHue (5),

HaxoauM 1o GopmyIie:



i i k
Mo(ﬁ)zaxﬁzP 0 0 —L |=PL(=sin@cosp-i+sindsing- j) (6)
—sin@sing —sin@dcosp —cosd

Torma, packpbiBast ONpeaeIUTeNb (6) IO SIEMEHTAM IIEPBOM CTPOKH, HOIYYAEM :
M 4 (P) =—PLsin Ocos
M, (P) = PLsin &sin o (7)
M (P)=0

OmnpenenseM MOMEHTBI CHJTbI HATSDKCHHS! POBHUIIBI T OTHOCUTEITBHO OCEH xyz
o ¢opmyse:

ik
MolT)=TaxT =[xa Ya za=(YaT2=2aT )i+ (ZaTx=XaT) i+ (aTy- YTk (8)
x Ty Tz
Torna: M X(‘T): (yAT N y)'
M y(f)z(ZATx_ XaT z)] (9)

M z(f): (XATy_ YaT x)2

OnpenenuB koopAauHaThl ToUek A 1 O; B MOABMKHOM CUCTEME OTCU€Ta
(puc.1), MOXKHO HaHTH KOOPAHHATBI BEKTOPOB 4 (Xa,Yarza) © T (Tx.Ty.T,) H IO

dbopmynam (9) omnpeneauTh MOMEHT CHJIBI HATSDKEHUS T OTHOCHTEIIBHO TOYKHU

nojBseca katymku O.

[ToacTamnsist MoONMy4YEHHbIE BBIPAXKEHUS, BMECTE C BbIpaxkeHusmu (2), (3),
(7), (9) B cucremy ypaBHeHuid (1), TOJydUM MaTeMaTHYECKYHO MOJECIb
JIBMKEHUST TIATAIONIEH KAaTYIIKH B BHJE CHCTEMBl TpEX muddepeHnmnanbHbIX

YPaBHEHUU C YETHIPbMSI HEU3BECTHBIMU ¢,y,0,T .



Ecnu 3apaThcsi 3aKOHOM M3MEHEHUS CWIIBL T, TO ,YUCJICHHO UHTErPUPYS
ATy CHUCTEMY YpPaBHEHUW, MBI CMOXEM OINPENCIUTh 3aKOHBI U3MEHEHHUS YTJIOB
Diinepa ¢,0,y, a 3aTeM ONPEIEIUTh OTKIOHEHUE JIO00H TOYKM KaTYIIKH

OTHOCHUTCIIbHO ITOJIOKCHUA PABHOBCCHA.

Ecnm BenuumHa cunbl T HEU3BECTHA, TO BBIMIEYKA3aHHYIO CHCTEMY
YPaBHEHWH HYKHO JOMNOJHUTh YETBEPTHIM YPABHEHUEM, CBS3BIBAIOLINM
CKOpPOCTb CMaThIBaHMsI POBHHMIIBI C KaTyIIKM C yrilamu Ounepa. B pesymnbprare
NOJIyYUM MOJI€Tb JBMKEHUS KaTyIIKM B BHIE TpEX AuddepeHuuanbHbIX

ypaBHeHI/Iﬁ 2-10 nmopsAaaka 1 OaAHOro aﬂre6pa1/1qec1<or0 YPaBHCHUA.

I/ICHOHBSyH IMOJYYCHHBIC MATCMATHUYCCKHC MOACIN, B ﬂaHBHeﬁmeM
MOXXHO 6Y}I€T BBIIIOJJTHUTH TCOPCTHYCCKOC HMCCICIOBAHUC ABUIKCHUA HHTaIOHIGﬁ
KaTYIIKH B CTAHMOHAPHOM U IICPCXOJHBIX PCIKUMAX pa6OTBI BBICOKOCKOpOCTHOﬁ
HpH}II/IHLHOﬁ MAaIlIMHBI. DTO MO3BOJIMT ONIPCACIINTL CUITY HATAKCHUA POBHUIBI U
BCIIMYNHY OTKIIOHCHHUS KAaTYIIKKW OT IIOJOKCHUA PABHOBCCHUS IIPU PA3HBIX

pexrMax paboThl MalIUHBI.
BbBIBO/bI:

Pa3paboTtana matemaTudeckas MOJENb JBUWKEHHUS MHUTAIOMICH KaTyIIKU
BBICOKOCKOPOCTHOM TPAJAWIBHON MAIIMHBI 3aKPEIUIEHHOW B OJHOM BEPXHEU
mapoBoid  omope. OTa MOJEIb IMO3BOJSAET IMPOBECTH TEOPETUUECKOE
WCCIIEIOBAHUE [JBW)KCHUS MUTAIOMIEH KATYIIKA W ONPEAECIUTh BIIASHUE
[apaMeTPOB KATYIIKHA U MMUTAIOMIEH JIUHUH NPSAWIBHON MAIIMHBI HA BEIIMYUHY

CUJIbI HATSDKCHUS POBHULIBI U HA XaPAKTEP IBUKEHHS KATYILIKH.
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